Abstract
This article develops a real options model for valuing natural resource exploration investments (e.g. oil or copper) when there is joint price and geological-technical uncertainty. After a successful several-stage exploration phase, there is a development investment and an extraction phase. All phases are optimised contingent on price and geological-technical uncertainty.
Several real options are considered. There are flexible investment schedules for all exploration stages and a timing option for the development investment. Once the mine is developed, there are closure, opening and abandonment options for the extraction phase. Our model maintains a relatively simple valuation structure by collapsing price and geological-technical uncertainty into a one-factor model. We apply the model to a copper exploration prospect and find that a significant fraction of total project value is due to the operational, development and exploration options available to project managers.
-INTRODUCTION
We present a real options model for valuing natural resource exploration investments (e.g. oil or copper) when there is joint price and geological-technical uncertainty. Price risk refers to output market value while geological-technical risk applies to reserves, development investments and cost structure. Continuous-time Brownian motions are used to model both uncertainty processes assuming a futures market for output prices 2 , and a declining geologicaltechnical risk level as exploration investments are undertaken. In case of finding an economically feasible mine, there may be a development investment phase, to be followed by an extraction phase. All phases are optimised contingent on price and geological-technical uncertainty.
Several real options are considered. The exploration investment schedule is flexible and may be stopped and/or resumed at any moment depending on cash flow expectations, which in turn depend on current commodity price and geological-technical expectations. The model allows for several exploration phases, each one with its own investment schedule and probabilities of success. In the event of an exploration success there is a timing option for the development investment, and closure, opening and abandonment options for the extraction phase.
The model has the virtue of maintaining a relatively simple structure by collapsing price and geological-technical uncertainty into a one-factor model. The model can be applied to value oil or other natural resource investments and has been used by a major copper company to value real exploration prospects. We solve the model using implicit finite-difference numerical methods and present results for a specific case.
Our model follows the rapidly increasing literature on the real options approach for the valuation of investments under uncertainty. Among them, Majd and Pindyck (1989) include the effect of the learning curve by considering that accumulated production reduces unit costs, Trigeorgis (1993) combines real options and their interactions with financial flexibility, McDonald and Siegel (1986) and Majd and Pindyck (1987) optimise the investment rate, and He and Pindyck (1992) and Cortazar and Schwartz (1993) determine two optimal control variables. This approach has been used to analyse uncertainty on many underlying assets, including exchange rates (Dixit (1989) ), costs (Pindyck (1993) ) and commodities (Ekern (1988) . Finally, many asset types and problems have been modelled using this approach, including natural resource investments, environmental and new technology adoption, and strategic and competitive options (Trigeorgis (1996 (Trigeorgis ( , 2000 , Brennan and Trigeorgis (2000) , and Dixit and Pindyck (1994) ).
5
Our model follows the Brennan and Schwartz (1985) model for valuing natural resource investments. Closely related papers on the modelling of undeveloped oil fields or the software implementation approach are Paddock, Siegel, and Smith (1988) , Cortazar and Schwartz (1997) , and Cortazar and Casassus (1998) . Other models for valuing oil contingent claims include McCardle (1998, 1999) , Lehman (1989) , and Trigeorgis (1990) .
-THE MODEL

Modelling the Exploration Investment Decision
Exploration of natural resources typically involve following several stages, each one with an investment schedule and with associated success and failure probabilities. A representation of n exploration stages is presented in Figure 1 .
market, but also if there is a portfolio of traded assets perfectly correlated to commodity spot prices. When the development investment is concluded, the mine enters into the extraction phase. We use Brennan and Schwartz (1985) for modelling this phase considering opening, closing and abandonment options.
Modelling Price and Geological-Technical Risk
Exploration prospects of natural resources (e.g. oil, copper) are very risky investments because both output prices (which have been widely studied) and output quantities and development/production costs are uncertain.
Commodity price risk has long been modelled using no arbitrage finance models in a continuous-time setting. Even though recent multi-factor price models are very promising for explaining commodity price behaviour [Schwartz (1997) , Cortazar et al (1999) ], for simplicity in this paper we use a standard one-factor constant-convenience-yield model for risk-neutral prices:
with the following notation: While price risk is constant during all three phases of the project (exploration, development and extraction) the geological-technical risk is much higher during exploration phase. This geological-technical risk may be decomposed into two parts: one is the success or failure in finding an economically feasible mine, and the other is related to the particular characteristics of the (eventual) mine. While the first part has already been modelled using the discrete success-failure probabilities at each of the exploration stages, the second one, defined by mine reserve levels, development investments, production schedules and cost structures, is explained in what follows.
Before undertaking any exploration investment, uncertainty on the value of the expected final reserve, conditional on success, is at its greatest level. The characteristics of the eventual mine are highly unknown ranging from a modest to a highly profitable one. In a real options framework it is clear that exploration investments should optimally be undertaken considering both the expected mine value and its distribution.
As exploration investment is undertaken, uncertainty on the final characteristics of the mine decreases and price risk becomes comparatively more important. The Brennan and Schwartz (1985) model of a copper mine, for example, considers only price risk once development investment starts. But it is clear that an appropriate exploration investment model should add to its price risk the effect of a declining geological-technical risk.
To model geological-technical risk, different approaches may be followed. One alternative could be to define a vector of geological-technical variables that affect mine value and specify a stochastic process for each of them. In this case the value of the (already explored) mine would be a function of output price, S, as well as of a vector G of mine characteristics, {G 1 , G 2 , ...G N }, which could include development investment, extraction rate, costs, etc. Thus, the value of the expected mine would be defined as ( )
. In this setting, model complexity increases with the dimension of the mine-characteristics vector G due to both the amount of the information required to specify the multivariate process for the state variables, and to the added effort of solving a multi-factor model.
We take a simpler approach that provides a reasonable approximation for many cases and helps keep the model tractable. Instead of asking geologists/mining engineers to specify the level and multivariate process for all relevant mine characteristics, we ask them only to determine a representative set of possible mine-types, with their probabilities of occurrence, that could be found attending current prospect characteristics. Each mine-type is defined using the parameters required by the Brennan and Schwartz (1985) model, including total reserves, development investment amounts and schedule, and the production schedule (amounts and costs), with the associated opening and closing costs. Thus we are able to value each of the possible mines as a function of output price using the Brennan and Schwartz (1985) model. Using the conditional probabilities for each mine-type, we obtain the expected mine value (as a function of output price) as well as an initial empirical distribution of mine values that we define as the geological-technical risk.
To obtain the process for this geological-technical risk we start by defining a one-dimensional state variable G to represent this risk. We know the initial empirical distribution of mine values associated to this risk (obtained using the initial probability assessment) and assume that after the exploration investment concludes there will be no residual geological-technical uncertainty. In the absence of better information on the particular characteristics of the exploration process, we assume that initial geological-technical uncertainty is reduced continuously as exploration investment is undertaken.
Once we have defined mine value as a function of two state variables, output spot price, S, and geological-technical risk, G, we use the fact that both factors may be assumed to be independent and in many cases may be collapsed into one state variable, Z. This makes the model very simple to implement, while providing a reasonable approximation to the project value.
To formalise the model we define a geological-technical risk factor G (for example the amount of mineral in a mine) that follows a zero-drift constant volatility Brownian motion, as follows 3 :
This geological-technical risk factor is assumed to be independent of output price S:
3 To understand why the process has zero drift, suppose for simplicity that G represents only the risk associated to the total reserves. If we think that the reserves will increase at a certain rate during the exploration stage, then our estimation of the initial G should be updated such that it reflects the reserves that we are expecting by the end of the exploration stage, keeping G as a martingale.
Mine value, ( ) G S H , , can be modelled as a function of output price, S, and the geologicaltechnical variable, G.
We can now define a new state variable Z, a function of S and G, such that:
and
Applying Ito's lemma and using equations (1) and (2), we obtain:
We can further simplify model implementation by assuming:
This is equivalent to assuming that an increase in any of the two factors (S or G) has a similar effect on mine value. The process for this new state variable becomes:
The new state variable, Z, can be seen as a modified commodity price with the same drift as the original one, S, but with an increased volatility:
For many projects equation (7) represents a very convenient approximation; for others it is not only a g ood approximation, but holds perfectly. This is the case, for example, if G represents total mine reserves, A 1 is a constant that depends on a fixed extraction rate 4 and A 2 is a fixed cost. Then project value H is defined by:
and equation (7) holds.
Reducing model complexity at the exploration phase by collapsing all geological-technical risk into one factor, with an appropriate (increased) volatility, is convenient because it allows for representing many geological-technical factors by their joint effect on mine value. The fact that all these factors are orthogonal to the market factor, (represented in this model by commodity price), allows for this reduction in the state space with little accuracy-loss while retaining the possibility of being individually considered during the extraction phase. Should there be any additional knowledge on the way exploration investment modifies geological-technical risk for any particular case, adjustments to the above model should be undertaken.
Estimation of Geological-Technical Volatility
As we have stated above, all the geological-technical risk is represented by the initial distribution of the expected mine value at the beginning of the development stage. Before initiating the exploration stage we have an expected mine value and the variance for this distribution as a function of output price. The estimation of the geological-technical volatility G σ needs to be consistent with the variance of the expected mine value. By applying Ito's lemma to the expected value of the mine for any given output price S (such that all the volatility is due to the geological-technical risk), we obtain the relation to pin down G σ .
Valuing the Exploration Investment Project
In order to value the exploration project we start by valuing the alternative mines that could be obtained if exploration is successful. Then, we value the development investment decision, to conclude valuing the exploration phase.
Before exploration investments begin, there is a set of alternative mines that could eventually be obtained, should the exploration phases be successful. Each one of the M possible mines is assumed to have an associated probability of occurrence, conditional on exploration success, α i , such that:
Value of a developed mine
Each of the M possible mines is valued using the Brennan and Schwartz (1985) model 5 :
Subject to:
We use the following notation: 
Value of an undeveloped mine
We first assume the development investment decision has been made, but is still under way.
The value of the mine must now satisfy the following equation:
Then, we can define H as the value of the mine before the development investment is made, which must satisfy:
for simplicity.
Subject to:
( )
Value of an exploration project
Finally, we solve for the value of the exploration project. We consider that while the project is under way and exploration investment is undertaken, the value of the project is X, and while the project is optimally stopped, the value is Y.
Notice that while exploration investment is under way (X), relevant volatility is higher than when it is temporally stopped (Y) 6 , because geological-technical information is only obtained with investment.
It is possible to solve for each stage j, with j =1, n. To do this we start by solving for stage j = n and work our way backwards until j = 1. We now present the equations for an
The model can be applied to oil and other commodity exploration prospects. We have applied it to several exploration prospects available to a copper company. To our knowledge there is no analytical solution to this compound option system of equations even if we consider infinite resource profiles during the extraction stage. In what follows we present a specific case and report the results of solving the above exploration model using implicit finitedifference numerical methods.
The prospect we present considers that before exploration starts the geologists have an exploration investment plan with four exploration stages, each one with its own investment schedule and probabilities of success (see Table 1 ). In case of failure at one stage the exploration is abandoned. In case of success the project could be stopped or resumed, depending on the expected value of the mine. This expected value varies due to both changes in prices and/or on the expected geological-technical characteristics of the mine. If the exploration stage is successful, the project enters into the development stage. In the specific case we are evaluating, we consider 11 different development/extraction plans, each one represented by a mine profile. Each of these possible mines has particular development and production schedules. For example, Table 2 and Table 3 describe one of the mine profiles ("Mine 1" in Figure 2 ) that has a probability of 15% of occurrence. Figure 2 shows the value of all mines contingent on output price using the Brennan and Schwartz (1985) model. The Expected Deposit is the expected mine value obtained by multiplying each of the values by its occurrence probability. Table 4 : Sources of value of the exploration project in MUS$, when r = 2.8%, c = 6%, S σ = 40% and λ = 2%
Exploration
Finally, Table 4 For example, suppose that at the beginning of the exploration stage our best estimation for the value of the mine that we can potentially develop is 500. In this value we consider the output price and estimations regarding possible reserves, investments, costs and productions during development and extraction phases. If we don't consider any flexibility during the life of the project the value of the exploration project is -11.44. To calculate this value, we evaluate the project considering that the investment rate during exploration stage j is always j i q even when it is optimal to wait, that the development investment is done immediately once finished the exploration stage (in all mine profiles), and that the production rate during the extraction stage is always i p q (in all mine profiles), even if it is optimal to stop or abandon the mine. If we only consider operative options during the extraction phase, the value of the exploration project is -project is modelled as having the flexibility of postponing development investments and, once developed, as having the option to close or reopen production.
Results for a copper exploration prospect shows that a significant fraction of total project value is due to the operative, the development and the exploration options available to project managers.
